In this paper, we introduced a new domination parameter called secure doubly connected domination number of a graph. Specifically, if G is a connected graph, we denote by γ scc (G) the secure doubly connected domination number of G. We obtained several properties of the secure doubly connected dominating sets of a graph. In particular, we characterize all graphs G such that γ scc (G) = n, where n is the order of G. Some bounds and exact values of the secure doubly connected domination numbers of some graphs are also determined.
Introduction
The concept of doubly connected domination was introduced in 2006 by Cyman, Lemanska and Raczek [8] . This parameter has been characterized for some binary operations [1] . Another domination parameter is called the secure domination which has been introduced and explored in the papers of Cockayne et al. in [2, 3, 4, 5, 6, 7] and Mynhardt et al. in [7, 11, 12] . Go and Canoy [9] characterized total secure dominating set in the join of two graphs. A combination of some of these concepts gives rise to a new variant of domination called secure doubly connected domination.
Let G be a graph. A set S ⊆ V (G) is a dominating set of G if for every v ∈ V (G)\S, there exists u ∈ S such that uv ∈ E(G), i.e., N G [S] = V (G). The domination number of G, denoted by γ(G), is the smallest cardinality of a dominating set of G. A dominating set S of G with |S| = γ(G) is called a γ-set.
Let G be a connected graph. A dominating set S ⊆ V (G) is called a connected dominating set of G if the subgraph S induced by S is connected.
The connected domination number of G, denoted by γ c (G), is the smallest cardinality of a connected dominating set of G. A connected dominating set S of G with |S| = γ c (G) is called a γ c -set.
Let G be a connected graph. A connected dominating set S ⊂ V (G) is called a doubly connected dominating set of G if the subgraph V (G)\S induced by V (G)\S is connected. The doubly connected domination number of G, denoted by γ cc (G) , is the smallest cardinality of a doubly connected dominating set of G. A doubly connected dominating set S of G with |S| = γ cc (G) is called a γ cc -set.
Let G be a graph. The set S ⊆ V (G) is a secure dominating set of G if for each u ∈ V (G)\S, there exists a vertex v ∈ S such that uv ∈ E(G) and (S\{v} ∪ {u}) is a dominating set. The secure domination number of G, denoted by γ s (G), is the smallest cardinality of a secure dominating set of G. A secure dominating set S of G with |S| = γ s (G) is called a γ s -set.
Let G be a connected graph. A subset S of V (G) is a secure doubly connected dominating set of G if S = V (G) or S is a doubly connected dominating set of G such that for each u ∈ V (G)\S, there exists v ∈ S with uv ∈ E(G) and (S\{v})∪{u} is a doubly connected dominating set. The secure doubly connected domination number of G, denoted by γ scc (G) , is the smallest cardinality of a secure doubly connected dominating set of G. A secure doubly connected dominating set S of G with |S| = γ scc (G) is called a γ scc -set.
For a graph G, we denote ∆(G) as the maximum degree of G and m as the size of G. For any undefined terms, see [10] .
Preliminary Results
Note that every secure doubly connected dominating (proper) subset in a graph is both a doubly connected dominating set and a secure connected dominating set. We state this observation formally.
Remark 2.1 For any connected graph
G of order n, 1 ≤ γ c (G) ≤ γ cc (G) ≤ γ scc (G) ≤ n and γ s (G) ≤ γ sc (G) ≤ γ scc (G).
Lemma 2.2
Let G be a connected graph of order n ≥ 3 and let S be a secure doubly connected dominating set of G. Then the following hold:
Proof : (i.) Let v be a cut-vertex of G and let S be a secure doubly connected dominating set of G. Suppose v ∈ V (G)\S. Since S is connected, S is contained in some component of V (G)\{v} . Thus, V (G)\S contains all vertices of other components of V (G)\{v} . Since v / ∈ S, S cannot be a dominating set of V (G), contrary to our assumption of S.
(ii.) Let v be a leaf of G and let S be a secure doubly connected dominating set of G. Suppose v / ∈ S. Since S is a dominating set, then there exists exactly one vertex x ∈ S such that vx ∈ E(G). Since (S\{x}) ∪ {v} is disconnected, (S\{x}) ∪ {v} is not a doubly connected dominating set of G, a contradiction. Thus, v ∈ S.
(iii.) Let u, v ∈ V (G) such that uv ∈ E(G) and both u and v are non-cutvertices. Let S 1 = V (G)\{u} and S 2 = V (G)\{v}. Then S 1 and S 2 are doubly connected dominating sets of G. Since (S 1 \{v}) ∪ {u} = S 2 , S 1 is a secure doubly connected dominating set of G. Hence, γ scc (G) ≤ |S 1 | = n − 1.
(iv.) Let u and v be two non-adjacent vertices of G. Suppose |S| = 1. Let S = {x} be a secure doubly connected dominating set of G. Since S is a dominating set, u = x, v = x and ux, vx ∈ E(G).
Since uv / ∈ E(G), (S\{x})∪{u} = {u} is not a dominating set, a contradiction. Thus, |S| ≥ 2.
Results
The next results characterize all graphs G such that γ scc (G) is 1, 2, or n, where n is the order of G. Proof : Suppose γ scc (G) = 1. Suppose further that G is not a complete graph. Then there exists two non-adjacent vertices in G. By Lemma 2.2 (iv), γ scc (G) ≥ 2, contrary to our assumption.
For the converse, let S = {u}, where u ∈ V (G). Clearly S is a doubly connected dominating set of G. Let v ∈ V (G)\{u}. Then uv ∈ E(G) and (S\{u}) ∪ {v} is a doubly connected dominating set of G. This implies that S is a secure doubly connected dominating set of G. Thus, γ scc (G) = 1.
Theorem 3.2 Let G be a connected non-complete graph. Then γ scc (G) = 2 if and only if there exists a connected graph H such that
Proof : Suppose γ scc (G) = 2. Let S = {x, y} be a secure doubly connected dominating set of G. Take H = V (G)\S . Since S is a doubly connected dominating set of G, S and H are both connected (hence S = K 2 ). Next, let u ∈ V (H). Since S is a dominating set of G, ux ∈ E(G) or uy ∈ E(G). Suppose ux ∈ E(G). Since (S\{x}) ∪ {u} = {u, y} is a doubly connected dominating set of G, {u, y} is connected. This implies that uy ∈ E(G). This means that every vertex in H is adjacent to both x and y. Thus,
The next result characterized the upper bound of the secure doubly connected domination number. 
such that uv ∈ V (G). Suppose both u and v are not cut-vertices. Then by Lemma 2.2 (iii), |S| ≤ n − 1 which is a contradiction.
Conversely, suppose that for any two adjacent vertices x, y in G, at least one of these is a cut-vertex. If x is a cut-vertex, then V (G)\{x} is not connected. If x is not a cut-vertex, then V (G)\{y} is not connected. Thus, V (G) is a γ scc -set of G.
Corollary 3.4 Let T n , P n , and K 1,n−1 be the tree, path, and star, respectively, on n ≥ 3 vertices. Then
Proof : For every two adjacent vertices of T n , P n , or K 1,n−1 , at least one is a cut-vertex. By Theorem 3.3,
The next lemma is a proposition in [8] .
Lemma 3.5 [8] Let S be a γ cc -set of a connected graph G of order n ≥ 3.
Then every cut-vertex and support of G is in S.
Theorem 3. 6 The difference γ scc − γ cc can be made arbitrarily large.
Proof : Consider a graph G obtained from a wheel W n+1 , where n ≥ 3 by adding a vertex x and an edge xy where y is the central vertex of W n+1 (see Figure 1 ). Since y is a cut-vertex and x is a leaf, by Lemma ...
are both in a γ cc -set of G. Since {x, y} is a connected dominating set and V (G)\{x, y} is connected, {x, y} is a doubly connected dominating set of G.
Since there exists no doubly connected dominating set of G with cardinality 1, γ cc (G) = 2. Next, since G has two adjacent non-cut-vertices, by Lemma
Since C is a cycle, it can be assume that u 1 ∈ V (G)\S 1 . Consider the following cases:
to our assumption that S 1 is a secure doubly connected dominating set of G. Similarly, if u n+1 ∈ V (G)\S 1 , (S\{u 2 }) ∪ {u 1 } and (S\{y}) ∪ {u 1 } are disconnected which also contradicts our assumption.
This implies that (S\{y}) ∪ {u n+1 } is disconnected which is also a contradiction. If u 2 , u n+1 / ∈ S 1 , then (S\{y}) ∪ {u 1 } is disconnected, also contradicts our assumption.
In [8] , Cyman et al. characterized the doubly connected domination number of a connected graph in terms of its maximum degree, order, and size. This characterization is given in the next theorem. A similar result for the secure doubly connected domination number can be obtained. Proof : By Remark 2.1 and Theorem 3.7,
Next, suppose that γ scc (G) = 1. Then by Theorem 3.1, G is a complete graph. This implies that ∆(G) = n − 1. Thus,
= γ scc (G). By Theorem 3.7 and Remark 2.1,
. If G is a tree, then m = n − 1 and, by Theorem 3.3, γ scc (G) = n = 2(n − 1) − n + 2 = 2m − n + 2. Conversely, let γ scc (G) = 2m − n + 2. Again, by Remark 2.1, 2m − n + 2 ≤ n. This implies that m ≤ n − 1. Since G is connected, m ≥ n − 1. Thus, m = n − 1 and hence, G is a tree.
The corona of two graphs G and H, denoted by G • H, is the graph obtained by taking one copy of G of order n and n copies of H, and then joining the i-th vertex of G to every vertex in the i-th copy of H. For every v ∈ V (G), we denote by H v the copy of H whose vertices are joined or attached to the vertex v. In [1] , the doubly connected domination for the corona of two graphs has been characterized and it is given in the following theorem. We need this theorem to prove the next result. 
where
The next theorem is a characterization of a secure doubly connected domination set in the corona of two graphs.
Theorem 3.10 Let G be connected graph and H be any graph. Then a nonempty set C ⊆ V (G • H) is a secure doubly connected dominating set of G • H if and only if
where either
Then by Theorem 3.9,
v is a doubly connected dominating set of G • H. This is not possible since (C\{v}) ∪ {x} is not connected. Thus,
Since C is a secure doubly connected dominating set of G • H, there exists w ∈ C such that wy ∈ E(G • H) and (C\{w}) ∪ {y} is a doubly connected dominating set of
The converse is clear.
Corollary 3.11 Let G be a connected non-trivial graph of order n ≥ 2 and let H be any graph of order m. Then γ scc (G • H) ≤ m + mn − q, where
C is a component of H}.
Proof : Let v ∈ V (G) and let C be a component of
v is a connected proper subgraph of C (and hence of H v ). Moreover, for each y ∈ T v , there exists w ∈ D C ⊆ D such that (D C \ {w}) ∪ {y} is a doubly connected dominating set of C. This implies that (T v \ {y}) ∪ {w} is a connected subgraph of C (and hence of H v ). Therefore, by Theorem 3.10,
This proves the assertion.
Remark 3.12
The strict inequality in Corollary 3.11 can be attained. However, the given upper bound is sharp.
To see this, consider the graphs Figure 2 . The shaded vertices in G 1 form a γ scc -set of G 1 and the shaded vertices in G 2 form a γ scc -set of G 2 . Consider the components C H u . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
